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Abstract 
Let M be a compact connected manifold with nonempty boundary and let f : (M, i3M) --f 
(Al, Nvf) be a boundary-preserving map. We denote the relative Nielsen number of f, in the sense 
of Schirmer, by Na(f) and write MFa[f] for the minimum number of fixed points of all maps 
homotopic to f as maps of pairs. Let A, denote the two-dimensional disc with n open discs 
removed. Brown and Sanderson have shown that A, is boundary-Wecken for n = 0,l and almost 
boundary-Wecken for n = 2, with a bound of 1. A map f : (A,, aa,) -+ (A,, aA,) is called 
boundary inessential if f is null homotopic on each boundary component. We show, for n > 2: 
(i) If f : (A,, aa,) + (A,, aA,) is boundary inessential, then f is boundary-Wecken, 
(ii) If f : (A,, aA,) + (A,, aA,) is a map such that the image of the boundary of A, 
intersects each boundary component, then f is boundary-Wecken, 
(iii) There exists a class of maps f : (A,, an,) + (A,, aA ) n , called maps with one essential 
component, such that MFa [f] - Na(f) < 1. 
In particular, for n = 2 the results (i)-(iii) imply that A, is almost boundary-Wecken. We give 
an example of a family of maps fl”l : (A,, aA,) + (A,, aa,) for n 2 3 which have two 
essential components, and such that Na (f[“l) = 1 but MFa [f[“l] = 4m + I, which implies A, 
is totally non-boundary-Wecken for n 2 3. 
Keywords: Nielsen theory; Relative Nielsen number; Wecken; Boundary-Wecken; Degree theory; 
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1. Introduction 
Let M be a compact (triangulated) n-manifold with nonempty boundary 
f : (M, 814) -+ (M, XVI) b e a map of pairs taking 3M into 3M. Define 
MFa[f = min#{Fix(g): g ~a f} 
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where ~a means homotopic as maps of pairs. Let 7: aM + aA be the restriction of 
f and note that every fixed point class of f is contained in a fixed point class of f. 
Schirmer [I I] defined the relative Nielsen number to be 
Na(f) = N(f) + [N(f) - N(f, f)] 
where N(f, 7) is the number of essential fixed point classes of f that contain essential 
fixed point classes of 7. Hence Na (f) is N(f) plus the number of essential fixed point 
classes which do not contain an essential fixed point class on the boundary. It has the 
property that 
Na (f) C MFa VI 
In fact Na(f) is a homotopy-invariant lower bound on the number of fixed points of f 
as a map of pairs. A manifold M is boundav-Wecken if 
MFa VI = Na (f) 
for all maps f : (M, aM) --t (M, aM) an a most boundary-Wecken if there exists a d 1 
bound B > 0 such that 
MFa [f] - Na (f) < B 
for all maps f : (M, aM) --f (&I, aM). A manifold M is totally non-boundary- Wecken 
if there exists a family of maps f[+ : (M, an/r) + (Ad, aM) for m 3 1 such that 
MFa [f]“‘] - Na (f]“]) 3 ~1. 
Call a map f : (M, i3M) --f (111, aM) b ourzduv- Wecken if MFa [f] = Na (f). Thus a 
boundary-Wecken manifold is one for which all maps are boundary-Wecken. A map 
f : (A,, aA,) 1‘ (A,, aA,) is called boundary &essential if f is null homotopic on 
each boundary component. 
We view S2 with n + 1 open discs removed as the n-punctured disc & for n > 2. 
Brown and Sanderson [3] showed that B = I for &. Kelly [lo] demonstrated that this 
estimate is sharp by defining a map f : (A,, a&) + (A,, a&) where the components 
of the boundary of & are Ca, Cr and C2 and such that, for fj the restriction of f to Cj, 
fo : CO + C2 homeomorphism 
fl : Ct + CZ_ homeomorphism 
f2 : C2 t C2 constant map 
and proving Na(f) = 1 but MFa[f] = 2. 
Some open questions suggested by the results in [3] are: what can be said regarding 
boundary-Wecken properties if M is S2 with 4 or more discs removed and what happens 
if A4 is RP2 with 2 or more discs removed? Our main result will identify a class of 
maps f : (4 a) --t (A,, an,) f or n 3 2, such that MFa [f] - Na (f) < 1. Our first 
task is to reduce the number of cases by using algebraic topology to obtain restrictions 
on the degree of the map on the boundary. The important distinction here is whether 
the degree is 0 or not. Our second task is to put the map in a standard form by using 
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geometric topology, in particular, transversality. We want to find a map g ~a f with as 
few interior fixed points as possible. What makes this problem solvable is that in most 
cases we can retract the 2-dimensional & to a l-dimensional subset. Yet, we have 2 
dimensions in which to maneuver in order to remove “extra” fixed points. 
We will begin our investigation of fixed points of boundary-preserving maps on & 
in Section 2 by proving that maps f : (A,, aA,) + (A,, aA,) such that the image of 
the boundary of A, intersects each boundary component 
(i) have the same degree d on each boundary component and 
(ii) are boundary-Wecken if d # 0. 
The results of Section 2 are extensions of Lemmas 4.1 through 4.5 in [3]. In Section 3 
we present the Sunflower construction for boundary inessential maps which allows us to 
retract the 2-dimensional A, to a l-dimensional subset. Using the Sunflower construction, 
we will prove that all boundary inessential maps are boundary-Wecken. In Section 4 we 
restrict our attention to maps that are not boundary inessential and such that the image of 
the boundary of A, misses at least one boundary component. We will reduce substantially 
the number of cases to be considered by proving that the sum of the degrees of the maps 
on the boundary components which map to the same boundary component is zero. We 
introduce the Lollipop construction which retracts A, to a l-dimensional subset, in a 
manner similar to the Sunflower construction for boundary inessential maps. Using the 
Lollipop construction, we prove our main result, Theorem 4.2, that there exists a class 
of maps f : (A,, aA,) -+ (A,, CIA,), called maps with one essential component, such 
that the difference between the minimum number and the Nielsen number is no more 
than one. As a consequence of this result, we have that A2 is almost boundary-Wecken. 
The main result, Theorem 4.2, is completely new and the proof demonstrates several 
new techniques and a way of viewing maps which could be useful in other settings. The 
key is the Lollipop construction where we deformation retract A, to 2, a l-dimensional 
subset (see Fig. 7) and make the map f transverse to 2. This allows us to describe the 
entire map on A, and therefore enables us to alter the map by performing a homotopy 
which may reduce the number of fixed points. We use techniques illustrated in Fig. IO(a) 
through 10(c) of moving an arc past a circle and choosing a new image set to avoid arcs 
and thus make the removal of extra fixed points possible. 
In Section 5 we present a map f : (A,, aA3) -+ (A,, iJA3) with two essential com- 
ponents for which the Nielsen number is one but the minimum number is five, thus 
demonstrating that the conclusion of Theorem 4.2 fails if the hypothesis of one essential 
component is weakened. This leads us to prove in Section 6 that there is no relationship 
between the minimum number and the Nielsen number if the map has more than one 
essential component, contrary to a conjecture in [3]. 
I wish to thank my advisor, Robert F. Brown, who has spent countless hours reading 
earlier versions and provided many useful suggestions which have resulted in a work 
that is easier to understand. Many thanks to Brian Sanderson for his insights about 
transversality. Thanks also to Mike Kelly for conversations about his ideas and examples 
which led to a counterexample for the remaining case. 
2. Preliminary results 
Write the components of the boundary of d, as Ca, Cl,. . , C,. From now on we 
will assume that n > 2. For a map f : (A,, a&) + (A,, a&), write f3 : C, + Cjg 
for the restriction of f to each boundary component. 
Assume A, is embedded in the plane so that Cl, Cz, . . , C, are contained in the 
bounded component of the complement of Ca. Choose a clockwise orientation for 
C1 , C2, _ . , C, and a counterclockwise orientation for CO. Select a base point zt) E Ce 
and arcs wj for j = 1,2, , n, each with one endpoint at ~0 and the other at a point x1 
in Cj, such that wi n wj = za for all i # j, i> j = 1~ 2, , n. (See Fig. 1.) Define loops 
gj at x0 by ~j = wjCjwJ-‘; then we may vie w 571 (A,, x0) as the free group generated by 
[a,], [cQ], . , [cn]. Set [go] = [CO] and note that [~I][cQ] [a,] = [cTo]-’ in ~1 (A,, 20). 
Lemma 2.1. Suppose f : (A,, aA,) --t (A,: aA,) IS a map such that f:, is essential 
forallj=O,l,...,n.Ifg:(A,,aA,)~(A,,,,aA,)ishornofopictofasamapfrom 
A, to itself and ij : aA, --jr aA, is homotopic to 7, then g is homotopic to f as a map 
of pairs. 
Proof. Let &‘I : A, x I --t AIL be a homotopy between f and g, the existence of 
which is given by hypothesis. We will construct homotopies H[J] for j = 0, I, , n, 
between f and g such that H/j] maps C, x I into CT: for all i < j and therefore H[“I 
will be the required homotopy of pairs. Thus we assume H[j-‘I has been constructed 
and let 7 : Cj x I + A, be the restriction of H[i-‘l. Let 
i’ = 1 i if i < j’, i+1 if i 3 j#. 
Fig. 1 
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Fig. 2. 
Choose arcs al, a2,. , a,_~ in & as follows: Let ak be an arc in A, - {al, ~2, 
> ak_,} joining C(k_,), to Ckf such that ak meets aA, only at its endpoints zk and 
?& in aA, - C3p (see Fig. 2). Noting that, by hypothesis, f and g map Cj to C,R, we make 
q transverse to A = {al, ~2,. . , a,_~} rel C, x (0, l}, so that each q-‘(ai) is a union 
of simple closed curves in the interior of Cj x I. Imbed Cj in the plane so that C, x (0) 
lies in the bounded component of the complement of C, x { 1). Let K be a component 
of 7-i (ai); then, by the Schonflies theorem, the closure of one of the components of the 
complement of K is a disc D. If D contained C, x {0}, then K and Cj x (0) would 
bound an annulus and 771~ and 771~~ x 10) = f lc, = fj would be homotopic. But q(K) 
is contained in the arc a7. whereas, by hypothesis, fj is an essential map of Cj onto C,it, 
which is freely homotopic, and therefore conjugate in ~1 (A,, ZO), to a nontrivial element 
of that group. We conclude that D does not contain Cj x (0) but instead lies entirely 
in C, x 1 and thus K is inessential. Since each q-‘(uy,) is a union of inessential simple 
closed curves, we may use an innermost circle argument to homotope 7 (rel Cj x (0, l}) 
so that the image is disjoint from A. Furthermore, since C,tl is a strong deformation 
retract of A, - A, we have a homotopy h: C, x I x I + A, between 77 and a map that 
takes C, x I to C,lt. Define a map T, from a subset of A, x I x I to A, as follows: 
1 
~~~-il x id on An x I x (O}, 
and on Ci x I x I for all i < j, 
r,= f on A, x (0) x I, 
9 on A, x (1) x I, 
h on Cj x I x I. 
By the homotopy extension property, rj extends to A, x Ix I. Now Hf = r’ In, xl x tl 1 
is the desired homotopy of pairs between f and g. 0 
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Given a map f : (A,, aA,) + (A,, aA,), we can homotope f as a map of pairs so 
that f(zj) = xj# for j = 0, 1, . , ‘n. The maps fj : Cj A C~X are of degrees dj with 
respect to the given orientations. 
Lemma 2.2. Let fT : TTI (A,, 50) + x-1 (A,, , XC,) be induced by a map f : (A,, aA,) + 
(A,, an,). Then f=[aj] is conjugate to [cjeld~, ,fir j = 0, 1,. . , n. 
Proof. Let wa = ZO. Since fj is of degree dj, then by the Hopf classification theorem [6], 
[w3* f (c&J;‘] = [LJj*(cj+d,‘] 
in ~1 (A,, x0), and therefore 
fYTbj1 = [f (WjCpJj’)] 
= [f G+J>‘] [Uj#f Cc,)~,x’] [wyf (w,‘)] 
= [f (Wj)LdJ,j’] [wj#(cj*)““wJ,j’] [LIJpf(Wjl)] 
= [f (w&J;‘] [ffj# [LJj#f(Wj’)]. 0 
For a map f : (A,, aA,) + (A,, aA,), let Ima (f) denote the number of components 
of aA, that contain points of f (aA,). 
Lemma 2.3. Let f : (A,, a&) + (A,, aA,) b e a map such that Ima (f ) = 72 + 1; then 
all of the maps f, : Ci + Cjs, j = 0,1,. , n, are of the same degree, d. 
Proof. We can make A, into a 2-sphere by attaching discs Dk along the boundary 
components ck. The map f then extends to a map g : S2 -+ S2 by using the fact that 
each Dk is a cone on ck. The map ,g induces a homomorphism g* : &(S’) + H2(S2) 
which is multiplication by d for some integer d = deg(g). Consider the diagram, where 
the homomorphisms represented by vertical arrows are induced by inclusions. 
H2(S2) 3 H2(S2) 
-1= -1 
H2(S2, 5’ - intDj) -i- Hz(S2, S2 - int Djx) 
-r- t 
Hz(Dj, C,) + H2 (Q , Cy ) 
Since S2 - int Dj is homotopic to a point and H,(point) is trivial for all q 3 1, then 
H2(S2) + H2(S2, S2 - int Dj) is an isomorphism. By excision of the complement of 
Dj, we see that Hz(Dj, Cj) + H2(S2, S2 - int Dj) is an isomorphism. We have that 
Hz(Dj, C,) + HI (C,) IS an isomorphism by the exact sequence of the pair (Dj, Cj). 
Now MC,)* = fje : Hl(Cj) + HI (Cj4) is multiplication by some integer d*. From the 
diagram, d’ = deg(f,) = deg(g) = d. 0 
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Lemma 2.4. Let f : (A,, aA,) -+ (A,, aA,) b e a map such that Cma (f) = 72 + 1; then 
I d I< 1. 
Proof. Since Ima (f) = n-t 1, the map f permutes the circles Cj. Hence, we may assume 
without loss of generality that f maps each Cj to itself and each fj can be identified with 
a map qd : S’ + S’ given by qd(eie) = e ide by the preceding lemma. We can imbed 
A, in AZ by attaching discs Dk along the boundary components Ck, 2 < k < n. The 
map f then extends to a map f” : (AZ, aA*) + (AZ, 3A2) by using the fact that each 
Dk is a cone on Ck. By Lemma 4.4 of [3], 1 deg(fa)( < 1 and therefore IdI < 1. 0 
Lemma 2.5. rff : (A,, aA,) + (A,, aA,) ~samupwithIma(f)=n+landd#O, 
then MFa [f] = Na (f). 
Proof. We claim that the homomorphism fr : ~1 (A,, 20) + ~1 (A,, ~0’) induced by f 
is an isomorphism, and furthermore that there is a homeomorphism h: A, + A, that 
induces fr. Assume first that f maps Cj to itself, for j = 0, 1 . , n, and that d = 1. By 
Lemma 2.2, we may write fn[ai] = cri[ai]cri’ for i = 1,2,. . . ,n. We may assume that 
these expressions have been reduced in the group ~1 (A,, 20). From Lemma 2.2, we have 
f&o]-’ = [f(Q+q’] [&’ [%+;‘)] = [Q]_’ 
Recalling that [u~][cQ] [onI = [a~]-‘, we see that 
cyi [cr,]cY~iCY&r~]Q~’ ‘. ~n[GL]Ly~l = [m][g21 . . [&I. 
Therefore, the left-hand side must reduce and since we assumed the conjugations were 
already reduced, we conclude that cri = (~2 = . . = a,. Hence 
ct!, [a&‘a,’ = [fra]-1 
which implies (~1 = 1 and thus f= is the identity isomorphism, which is induced by 
a homeomorphism, the identity. Now let f retain only the property that d = 1. Then 
there is an orientation-preserving homeomorphism 0 of A, such that Of takes each 
component of aA, to itself. By the first part of the proof, O,f?, is the identity and 
thus f= = (OX)-’ = (O-i), so fT is an isomorphism induced by a homeomorphism, 
h = 0-l. For the case that d = - 1, we need only choose 0 to be orientation-reversing, 
and this will complete the proof of the claim. The homeomorphism h is homotopic to 
f because A, is a K(n, 1). By Lemma 2.2, we see that h must take Ci to the same 
component of i3A, as f does for i = 1,2,. . . ,n. Recalling that the fj are all essential, 
we see that the hypotheses of Lemma 2.1 are satisfied and therefore h is homotopic to 
f as a map of pairs. By Theorem 5.1 of [7], the homeomorphism h is isotopic to a 
homeomorphism with exactly Ne (h) = Na (f) fixed points. 0 
3. Some boundary-We&en maps 
Recall a map f : (M, aM) + (M, aM) is boundary-Wecken if MFa[f] = Na(f). A 
map f is called boundary inessential if f is null homotopic on each boundary component. 
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SunJlower construction. Suppose the map f : (A,, a A,) + (A,, aA,) is boundary 
inessential. For i, j = 1,2, , n, let crj be an arc intersecting Ca and C, at zo and xj 
and otherwise disjoint from aA, such that (pi n crj = (x0) for i # j (see Fig. 3). Orient 
aj by letting 50 be the starting point of crj and x3 the ending point. Let Z = Ci Ucrl Uc,U 
~2 U. UC, U an. Then there is a deformation retraction r : A, + Z and we note that rf 
is homotopic to f as a map of pairs. By the Homotopy Extension Theorem, we may as- 
sume that each fj is a constant map to xj#. Choose TJ~ in Cj so that yj # xj, and choose aj 
in the interior of aj. Notice that X = 2 ~ (20, xl, , 2,) is an open l-manifold whose 
components are l-cells and X is a neighborhood of P = {a~, a~, . , an, yl, y/2,. . . , yn} 
in Z. We now invoke the theory of transverse CW complexes of [4, Chapter 71. After 
a homotopy we can assume that Im(f) = Z and f is transverse to Z; in particular, this 
means Y = f-‘(P) is a l-manifold, and the inverse images of the components of X 
form a trivialized tubular neighborhood of Y. Let K c A, - f-‘(X) be a component 
of A, - f-‘(X). Notice that f(K) = xj for some ,i = 0, 1, . . , R, and hence f is con- 
stant on each component of A, - f-‘(X). After a further homotopy (rel an,), we can 
assume inessential circles of Y have been removed wherever possible by an innermost 
circle argument. If there existed an arc of Y connecting Cj and Ci, then fj and fi would 
be essential, contradicting the assumption that f is boundary inessential. Hence Y is a 
union of simple closed curves. (See Fig. 4(a).) 
The set Y may contain circles about more than one circle in A = {Cl, C2, . , Cn}. 
Eliminate each of these circles, starting with an innermost one, by a homotopy which 
replaces it by a collection of circles where each circle in the collection goes about exactly 
one circle in A as in [3, p. 2601. (See Fig. 4(b).) 
Homotope the restriction of f to each aj, rel the endpoints, so that it is a simplicial 
map of oj to Z. Then the arc cy3 is partitioned into a finite number of intervals, each 
Fig. 3 
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of which is mapped to one of the following: Ci, ai or xi. Homotope f on each interval 
(rel endpoints of the interval) so that only one of the following three statements holds. 
(a) The interval is mapped onto xi. 
(b) The interval is mapped homeomorphically onto cyi. 
(c) The interior of the interval is mapped homeomorphically onto Ci - z,. 
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Fixed points of f on the interior of A, can only occur in the cyj. After a homotopy 
we can assume that neighboring circles of Y are not both mapped to the same a, - 
they would represent a “fold” along cyj. Consider one of the subintervals of oj which is 
mapped to ~j. It will lie between subintervals which are mapped to its endpoints. Change 
the partition of the CY~‘S so that the subintervals mapped to endpoints are now counted 
with an LYE and labeled as aj if the map preserves orientation on this amalgamated 
interval and CX?’ otherwise. Label the remaining intervals as Ci, or C%r’ according to 
whether the map preserves or reverses orientation on the interval. 
We chose the name Sunflower for this construction because Z = cq U Cl U ~2 U C2 U 
U a, U C, looks like a bunch of sunflowers (the cyj are the stalks and the Cj are the 
flowers). 
Theorem 3.1. Iff : (A,, aA,) + (A,, aA,) b IS oundary inessential, then f is bounda- 
ry- Wecken. 
Proof. By relabeling if necessary, we may assume that if there exists a C, such that 
fi : C, + Ci, then fe: Ca + CO. Perform the Sunflower construction. Let eye = zc. 
Reading the image of f restricted to cq, oriented from ~0 to x2, we can assume that we 
get a word of the form: 
where Bji E {alC1a,‘, cqC2c$‘, ,Q~C~N;‘}. Let hj be a loop in A, - f-‘(X) 
based at ~0 and freely homotopic to C, so that f(h,) = 50” (see Fig. 5). Over each triple 
of intervals of ‘Y? that corresponds to an expression aiC,“oF’, we deform that loop to 
the loop hf. Call the map g after these deformations and note that the image of g is now 
2’ = 2 U hl U h2 U . . U h,. The effect of g on oj is thus represented by the word: 
where j(i) = lc if Bji = akC,cu,‘. The map g has no interior fixed points on hj since 
g(hj) = xo#. 
Suppose Cou # Cc. Then there does not exist a C, such that fi : C, t C, and the first 
interval of CQ# is mapped by g to cyo#’ and so g has one fixed point x*. Extend f to 
f” : S2 + S2 as follows. Since f is boundary inessential, each f3 : Cj + Cj# extends 
to a disc bounded by C,. Therefore, f induces the trivial homomorphism of reduced 
homology and L(f) = 1. Hence MFa [f] = 1. 
Suppose C,it = CO. For i such that f (ai) = a,, homotope f on Qi so that the only 
fixed points are ~0 and Zi. Otherwise, the interval of czj containing xj is stretched over 
a3 and thus has one fixed point at q. 
If Con # CO, then g has one interior fixed point and no fixed points on aA, and hence 
MFa[f] = 1 = Na(f). Otherwise, Ca x = Co and g has no interior fixed points. Recall 
Na(f) = N(f) + [N(f) - N(f, f)] where N(f) - N(f, J) counts the fixed point classes 
which must contain points on the interior. Hence, since g has no interior fixed points, 
MFa[f] = N(f) = Na(f). •I 
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Fig. 5 
From Lemma 2.5 and Theorem 3.1 we obtain 
Theorem 3.2. If f : (A,, aA,) + (A,, aA,) 1s a map such that Ima (f) = n + 1, then 
f is boundary Wecken. 
4. Maps with one essential component 
From [5, p. 661, we have the following definition of local degree. Let U c S2 be an 
open set, f : U + S* a map and 4 E S* a point such that f-‘(q) is compact. Consider 
the composition 
H2(S2) 3 H2(S2, s2 - f-‘(q)) “g f72(u, u - f-‘(q)) 
f., H2(S2,S2 - q) 2 H2(S2,p) = Hz(S2) 
where p E S2 - q and exe is the excision isomorphism. The composition has the form 
z --f (deg, f)z where z is a generator of H2(S2) corresponding to the integer 1 and 
deg,(f) is a uniquely determined integer, called the local degree off over q. 
Suppose Ima < n + 1. For k,j = 0, I,. . ,n, define Ck = {Cj: Cj E f-‘(Ck)}. 
Recall the maps fj : Cj t Cjft are of degrees dj with respect to the given orientations. 
The following result permits us to reduce substantially the number of cases to be 
considered in the material that follows. 
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Theorem 4.1. Let f : (A,, aA,) + (A,, ad,) be a map with Ima < n + 1. Then 
c c,ECkd3=OforeachIc=0,1 ,..., n. 
Proof. Extend f to f O3 : S2 + 5” as follows. For fj : C, + C,, essential, add discs Dj 
and Dj# and extend by coning. For f, inessential, extend to fJF : Dj + Cj#. If dj = 0 
for all Cj E CI, there is nothing to prove. Otherwise, let q E Dk be the center of Dk 
and for Cj E ck, let pj = (f,")- ’ (4). Let uk > Dk and 113 > Dj be open such that 
f (Uj) C uk and Vi fl uj = 8 for i # j. By Corollary 5.6 of [5], deg f” = deg,(f”). 
Since Ima < n-t 1, the map f” is not onto, so degfO” = 0. By Proposition 5.8 of [5], 
deg,(fY = c deg,fm[uJ. 
C,ECk 
We have the commutative diagram: 
H2(u,) 
(f”lLj). 
&(uk) 
42. 
H2(Uj,Uj - ~j) 
-la 
HI (Uj - p.i) 
s+i* 
-13* 
f” H2(S2, S2 - q) ” Hz(Uk, uk - 4) 
-la 
.r+ 
HI (uk - 4) 
HI Cc, 1 
(f”lc,);=f,* 
where i, is the isomorphism induced by inclusion and j, is the homomorphism induced 
by the identity map. It follows from the diagram that deg, f Ml,-,2 = deg f, = dj. Hence, 
O=degfm= deg,(fm) = c deg,fmlr~, = c dj. 0 
Suppose Im(aA,) n Co = 0 and f is not boundary inessential. 
Lollipop construction. For i, j = 2,3, . , n, let oj c A, be an arc intersecting Ct 
and Cj at 51 and x:j and otherwise disjoint from aA, such that cy, n oj = 21 for i # j 
(see Fig. 6). Orient cyj by letting zi be the starting point of cyj and xj the ending point. 
Let Z = Ci U a2 U C2 U a3 U Cy U . U a, U C,. There is a deformation retraction 
I- : A, 4 Z and we note that rf is homotopic to f as a map of pairs. As in the Sunflower 
construction, we may assume fj : Cj --t Cj# is a degree di map, and after a homotopy, 
we can assume f is transverse to 2. Let P = {a~, as,. . , a,, yi, ~2,. . , yn} as in the 
Sunflower construction. (See Fig. 7.) After a further homotopy (rel aA,), we can assume 
inessential circles of Y = f -’ (P) h ave been removed wherever possible by an innermost 
circle argument. We may again assume that the arcs a3 are partitioned into intervals so 
that only one of the following three statements holds. 
(a) The interval is mapped onto x,. 
(b) The interval is mapped homeomorphically onto ai. 
(c) The interior of the interval is mapped homeomorphically onto Ci - xi. 
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Y Z 
Fig. 7. 
Fixed points off on the interior of A, can only occur in the crj. As in the Sunflower 
construction, change the partition of the aj’s so that the subintervals mapped to endpoints 
are now counted with an aj and label the remaining intervals as Ci, or CzP’ according 
to whether the map preserves or reverses orientation on the interval. 
We chose the name Lollipop for this construction because 2’ = Cr U a2 U Cl U 0~3 U 
C's U. U a, UC, looks like a bunch of lollipops (the CY~ are the sticks) on a stand (Cl) 
in a candy store. 
By relabeling Cl, (3,. , C, if necessary, we may assume that ft : Cl + Cl* is 
essential and the following conditions are met. 
(a) If fo : Co + C,# is essential, then by Theorem 4.1, we may let Ct be such that 
(7,~ = Ca#, and if there exists an essential map f~- such that Cj = Cj# = C,#, let Ct be 
that C,. 
(b) If fo: Co + C,# is inessential and if there exists an essential map f, such that 
C, = C,G, then choose Cl = C,# . 
If fj : Cj + C,# is inessential for all j = 2,X,. , n, let k = 1. Otherwise, by 
relabeling C2, Cs, . , C,, we may assume ,fj : Cj + C,n is essential for 2 < j < k and 
f, : C, t Cjl is inessential for k < j < n. Perform the Lollipop construction. 
Define C = aA, U U( arcs of Y). Let &I, &z, . , E, be the components of C which 
contain arcs of Y and call Et, &2, , &, the essential components of C (see Fig. 8). 
Note that since f is not boundary inessential and Im(dA,) n Ca = 8, by Theorem 4.1 
there must be at least one essential component. 
We come now to our main result. 
Theorem 4.2. Suppose f : (A,, aA,) + (A,, aA,) IS such that there is only one es- 
sential component &I of C. Then f is homotopic, as a map of pairs, to a map g with at 
most one interiorjixed point and MFa[f] - Na(,f) < 1. 
Proof. Note that we relabeled the components so that Cl c &I. Since A, c S2, we may 
view circles about Et as circles about C - &I. The set Y may contain circles about more 
than one component of C - Et (see Fig. 9(a)). 
Fig. 8. 
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Fig. 9(a). 
f - 
Y Z 
Fig. 9(b). 
We eliminate each such circle using the method found in [3, p. 2601. Start with an 
innermost circle and perform a homotopy which replaces the circle by a collection of 
circles, each about exactly one component of C - It (see Fig. 9(b)). 
For k < j < n, the circle C, may be in a different component of A, - (Et - ~1) than 
21 E Cr (see Fig. IO(a)). Let Kj be the component of A, - (El - ~1) which contains 
Cj and let Yj c &, be the boundary of Kj in A,. Notice that Yj is a simple closed 
Fig. 1 O(a). 
Y Z 
Fig. 1 O(b). 
curve alternately consisting of arcs of Y and parts of circles Ci E II. Let 51 C Yj be 
an arc of Y. By a modification of the method of [3, p. 2601, we perform a homotopy 
which replaces ^ ljr by a circle about Cj in f-l ({XI, x2, . , xcn)> and an arc $, in 
f-y{% 52, - * . , zn)) with end points in El n i3A, such that $, intersects aA, U &I 
only at its endpoints and both rjl and $, are in the boundary of the component of 
A, - (El lJ$, - XI) containing Cj (see Fig. 10(b)). Let El be El UY:~ - (interior rjl) 
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Y Z” 
Fig. 10(d). 
and continue moving arcs of Y until Cj is in the same component of A, - (El - 21) as ZI 
forallj=k+l,k+2,...,n.Now,forIc<j~n,thereexistsanarccu~~A,-(&1-zl) 
from 21 E Cr to xj E Cj and otherwise disjoint from aA, such that cy’, n CY> = 21 for 
i # j (see Fig. 10(c)). Let r = {2,3,. . . , k} and rt = {i E l? there exists an arc crz 
of Y joining C, with Ct}. Let r2 = {i E r - rr: there exists an arc CE: of Y joining 
C, with Cj where j E T’r}. (In Fig. 11 we illustrate a case for A5 where rl = (2) and 
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Y Z’ 
Fig. 1 I 
f2 = {3}.) Define r’ = {i E r - (ri U r2 U. ‘. U r,_t): there exists an arc r$ in Y 
joining C, with C, where u E r,_, }. Then r = r, U r2 U . u r, for some m 3 1 
wherer,nrj=8fori#j.LetZ’=C1Ua~UCzUct~UC3U...ULY:,UC,.Byadding 
vertices to Z’, we may view 2’ as a graph (see [l] for definitions). The only cycles of 
2’ are the Cj and hence there is a deformation retraction r’ : A, + 2’. Note that r’f 
is homotopic to f as a map of pairs. We write r’f as f, the arc c$ as ~j and 2’ as 2 
in order to simplify the notation. If C consists of one essential component It or if C is 
the union of one essential component Et and Ca where fa : Co --t Cp is inessential, then 
f(2) = Ct and f has no interior fixed points. 
Otherwise recall that, for k < ,i < n, the map fj : Cj + C,tl is inessential. Let 
2” denote the set of paths Cl, ~12~6’2, cq. (2’3, , a,, C, and their inverses. As in the 
Lollipop construction, homotope f so that we may view f(~~j) for k < j < n as a word 
consisting of letters in the alphabet made out of the symbols in Z*. We may assume 
that f(aj) is reduced in the sense that if A and B are adjacent letters in f(aj), then 
AB#l.Lethibealoopin&-.f-‘(X)b ase a ~1, freely homotopic to Ci so that d t 
f(hi) = xl” (see Fig. 10(d)). Over each triple of intervals of aj that corresponds to an 
k -’ expression c2%Ci cy( in f(crj), we deform that loop to the loop ht as in the proof of 
Theorem 3.1. Call the map g after these deformations and note that the image of g is 
now 2” = 2 U hk+l U hk+2 U U h,. Let q = 51. 
For k < j < 72, the image of g restricted to aj, oriented from zt to xj, is a word of 
the form: 
F.B?B’I”” . B? B. 
3 32 33 .lT 3 
where the following conditions are met. 
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(a) The word B.ji E {Cl, h,: k < u < n} or Bjz is a path pi c E = cy2 u C2 u a3 u 
C3 U . . U CQ U Ck starting and ending at x1. 
(b) If Ic < l# < n, then F3 = C,“,l ‘Y;’ ; otherwise Fj is a path pi c E starting at x,b 
and ending at x1. 
(c) If k < j# < n, then Bj = ajn; otherwise Bj is a path p,+l c E starting at xi and 
ending at xJn. 
If Ic < l# < n, then g has one interior fixed point on aI’ corresponding to cyI#’ and 
no fixed points on Cl. Otherwise, ft : Cl t Cl and g has no interior fixed points. We 
have proved that f is homotopic as a map of pairs to a map g with at most one interior 
fixed point. 
If fi : Cl + Cl, we know that g does not have any interior fixed points. Recall from 
the Lollipop construction that fi is a degree dt map on Cl with 11 - di 1 = Na (fl) fixed 
points if di # 1. If di = 1, we need to modify g so that it has no fixed points on Cl. 
Using the same method as in [3, p. 2581, we note that Cl has a collar neighborhood N 
which is mapped to Cl and we change g on N by a damped rotation, keeping the outer 
boundary fixed, so that g on Cl is a degree one map without fixed points. Hence, from 
the Lollipop construction, J = g has N(f) fixed points. 
Recall that Na (f) = N(J) + [N(f) - N(f, J)] where N(f) - N(f, f) counts fixed point 
classes of f which do not contain an essential fixed point class on the boundary. Thus, 
if g has one interior fixed point, then MFa [f] - Na (f) < 1 and if g has no interior fixed 
points, then MFa[f] = Na(f). q 
The main result of [3] is a consequence of our results as follows. 
Corollary 4.3. The 2manifold A2 is almost boundary- Wecken. 
Proof. Let f : (A,, aA2) + (A,, aA2). If f b is oundary inessential, then f is boundary- 
Wecken by Theorem 3.1. If Ima = 3, then f is boundary-Wecken by Theorem 3.2. 
Suppose Ima < 3 and f is not boundary inessential. By Theorem 4.1, each essen- 
tial component contains at least two boundary components, so there is one essential 
component. By Theorem 4.2, we have that MFa [f] - Na (f) < 1. 0 
5. An example 
One might wonder whether the conclusion of Theorem 4.2 is still true if the strong 
hypothesis of one essential component is relaxed. We will demonstrate that it is not. 
Let D be a 2-dimensional disc and view A, as D with n l-handles HI, Hz, , H, 
attached (see Fig. 12). Let Al, AZ,. . . , Aln be disjoint arcs in 8D so that Hj n D = 
Azj_iUA23forj=1,2 ,..., nandsetA=Ar~A:!~...UA~~.Forj=2,3 ,..., n, 
let cuj be an arc in D intersecting Cl and Cj at xi and x~j and otherwise disjoint from 
i3A, such that cyi n cwj = xi for i # j. Orient oj by letting x1 be the starting point of 
oj and x3 be the ending point. Now wi = Cl,wj = ojCjai,’ for j = 2,3,...,n are 
oriented based loops in A, which intersect in the point xi and wi n H3 is an arc if i = j 
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Fig. 12 
and empty otherwise. To remove any ambiguity in the indexing of the components of 
A, it is assumed that when the oriented loop wi is traversed, then Azi__-] is intersected 
before Azi. Let W = wt U w2 U . U w,. 
In [IO, p. 1431, an arc or simple closed curve y in & is said to be taut if the following 
conditions hold: 
(i) ay n A = 0, 
(ii) int y meets W U A transversally in a finite number of points, 
(iii) for each i, Ai U y does not contain any inessential simple closed curves and 
(iv) for each i, int y U (w, - 21) does not contain any simple closed curves. 
A map f : A, t A, is taut if 
(i) each component of f-‘(A) is a taut proper arc or a taut simple closed curve and 
(ii) Fix(f) n A = 0 and f(A,) c IV. 
Let f : A, + A, be a taut map and let C denote the closure of a component of 
A, - (f-‘(A) U A). Then C IS a critical region for f if the intersection of f(C) and C 
is nonempty. A critical region is exceptional if it intersects at least three components of 
A. The index of a critical region C is the fixed point index off on C. By [8, Lemma 2.11, 
up to homotopy rel ad,, we may assume Fix(f) consists of one point in each critical 
region with nonzero index together with one point in each of the exceptional critical 
regions. 
A taut arc X contained in the interior of A, is a simple merging arc for a taut map 
f : A,, + A, if it satisfies the following conditions: 
(al) ax c Fix(f), 
(a2) X meets f-‘(A) transversally, and the union of each component of f-‘(A) with 
X does not contain any inessential simple closed curves, 
(a3) if Xa is a component of X - A, and 7 is a component of f-‘(A) - A with 7 n X0 
nonempty, then X0 and 7 intersect in exactly one point and the union of their closures 
intersect at least three components of A (see Fig. 13(a)) and 
J.K. Nolan / Topology and it.7 Applications 73 (1996) 57-84 17 
(a4) choose an orientation for A, then f(A) meets the same components of A, in the 
same order, as A. 
Condition (a4) implies that the endpoints of a simple merging arc are Nielsen equiv- 
alent. 
Suppose that X is a simple merging arc for a taut map f : A, + A,. In [9, p. 2071, 
a new map g : A, + A, is defined as follows. Condition (a4) gives a natural pairing 
between the finite sets X I- A and X n f-‘(A). G‘ tven a point p E X n f-l (A), let p’ be 
its paired point in X fI A, and let A, be the subarc of X joining the two (see Fig. 13(b)). 
Let Dp be a disc which contains A, and meets both of A and f-‘(A) in a number of arcs, 
one for each point in A, n (A U f-‘(A)). Let -yP be the arc in D, n f-‘(A) containing 
Fig. 13(a) 
Fig. 13(b). 
78 
Fig. 13(c). 
p, let B, be the component of D, ~ ?i, which contains p’, and let c&, denote the arc 
aD, n BP. Replace rP in f-‘(A) with <, to obtain a new curve. Loosely, a “finger- 
push” of yP along X, has been performed to obtain this new curve. If 9 is another point 
in Mf-r (A), the disc D, is chosen as above with the additional requirement that the arc 
<, is kept disjoint from {r, (see Fig. 13(c)). Repeating this for each point in X n f-’ (A), 
in place of f-‘(A) we obtain a new collection of curves which is denoted by r. Then f 
is homotopic to a map g, by a homotopy which is the identity outside a neighborhood of 
X, such that r = g-’ (A). In the terminology of [lo] , g is obtained from f by merging 
along A, written f 1 g. 
Let (Y be an arc contained in f-‘(Ai) with 
(i) 8cu n Ai = 8 and 
(ii) (Y n Aj = 0 when i # j. 
The order of cy, denoted 1~1, is the cardinality of {Q: n Ai}. If a has the property that 
JoI > /,B given any arc ,!? c f-‘(A,) satisfying o n ,O # 0 and (i) and (ii) above, then 
{ 
LY is a turn if IcyI is even and 
cr is a crossing if lo/ is odd. 
If Xr is a simple merging arc for f : A, + A, and gr is obtained from f by merging 
along Xt , then arcs of g;’ (A) may h ave turns, and crossings of order more than 1, which 
implies gr is no longer taut. However, the definition of simple merging arcs extends to 
91, so we may in general write f 1 g, where n = (Xl, AZ, . . . , A,) means there exist 
maps gi : A, + A, with go = f, gr = g, and gi_r 3 gi. From [lo, p. 1441, if int(Xi)n 
int(&) = 0 when i # j, then n is called a merging sequence for f. 
Suppose g : A, + A, is given so that 9-l (A) is taut except for the existence of turns 
and crossings ,/3r, @2,. , /If&. such that /?i n fiJ = 0 for i # j. Let bzi-1 and bz2 be the 
endpoints of pi. A map 9min : A, + A, may be obtained from g by homotoping the & 
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rel the endpoints b2+, , bzJ and aA, so that the number of critical regions of index 0 is 
maximized (see [9, p. 2081). 
The following theorem will allow us to easily calculate the minimum number MFa [f] 
for boundary-preserving maps f on A, such that the image of the boundary of A, does 
not intersect each boundary component. 
Theorem 5.1. Suppose f : (A,, aA,) + (A,, aA,) is such that Ima < n + 1 
and f is not boundary inessential. Perjorm the Lollipop construction and denote the 
resulting map by fl : (A,, aA,) + (2, aA, n Z), using the notation from the Lol- 
lipop construction. Then there exists a simple merging sequence fl 3 fl such that 
#Fix(h rnin) = MFa [f]. 
Proof. Let g be the taut map given in [lo, Theorem 4.2, p. 1511, homotopic to f by a 
boundary-preserving homotopy, such that 
(i) g-l (A) is a l-dimensional proper submanifold of A,, 
(ii) g-‘(A) does not contain any inessential simple closed curves, and 
(iii) there is a simple merging sequence g 1 5 such that 
(iv) # Fix&in) = MFa [f]. 
Let pj = Aj n 2 and P = pi Up2 U. . Upzn. By homotoping g-’ (P) via an &-homotopy 
for small F > 0 rel aA, (see [2, p. 401, we obtain fi-r (P), which implies the critical 
regions of g correspond to the critical regions of ft and have the same index. From 
the Lollipop construction, the set Fix(ft) consists of one point in each critical region 
together with one point in each of the exceptional regions. Hence, there is a one to one 
correspondence between the fixed points of g and the fixed points of fr and if qj is 
an endpoint of a simple merging arc Xi of g (and hence a fixed point of g), then there 
exists an E-homotopy rel aA, taking qj to its corresponding fixed point of ft so that the 
resulting arc Xi is a simple merging arc for ft. Then ft 3 ft where At = (Xl,, Ai, . , A:) 
is a simple merging sequence such that # Fix(.f, min) = MFa [f]. q 
By means of a straightforward procedure, the Lollipop construction, Theorem 5.1 
reduces the search for the minimum number of fixed points to 2, a l-dimensional subset. 
It is easy to describe the map ft on 2 and hence determine the fixed points of ft. What 
remains is to check to see which fixed points can be eliminated via simple merging 
arcs. Finding simple merging arcs in Kelly’s notation directly corresponds to our more 
geometric notion in Theorem 4.2 of the existence of an “h” loop to remove fixed points. If 
there are no simple merging arcs for fr , then fi = ft min, that is, it has the minima1 number 
of fixed points. Using Theorem 5.1 and work of Kelly, we will apply this observation in 
proving the following theorem. 
Theorem 5.2. Suppose f : (A,, aA3) + (A,, aA,) is a map such that 
Co, C, + Cl such that d3 = 1, 
CI,CI --t C, such that dl = 1, 
CY~ + x3 and 
w 3 ‘y3 -‘c,cu,c,cr,‘*2c~cr~‘c,cy3c3-‘~~’~ 
Then Na(f) = 1 and MFa[f] = 5. 
Remark. The map f has two essential components, one containing Ce and C’s and the 
other containing Ct and Cl. By Theorem 4.1, 11s is the simplest punctured disc which 
admits a map with more than one essential component. This example shows that the 
conclusion of Theorem 4.2 does not hold even when the hypothesis is weakened slightly. 
Proof of Theorem 5.2. Perform the Lollipop construction and denote the resulting map 
by ft. Using the notation of Theorem 5.1, f,-’ (A) consists of four proper arcs, two going 
from Cl to Cz and two going from Ca to Cy, together with a number of essential simple 
closed curves. Due to the presence of the arcs, the only possible simple closed curves 
are curves freely homotopic to wtw2. (See Fig. 14.) The definition of f on ~3 implies 
that there must be ten such simple closed curves, corresponding in order along LYE to At, 
A2, As, & A33 A4, AI, A27 & AS. 
Let PI, ~2, ps, p4 and p5 be the five fixed points of ft in order along ~3. Let ~~31 C cq 
be the path from zt to the second fixed point ~2, let (~32 C cq be the path from p2 to 
ps and let ~~33 c ~1 be the path from p5 to 23. The fixed points p2 and ps are Nielsen 
equivalent by the path 
ffl = CY32Q33C3~~‘Q2C2CYZ1CIcY3C3-‘(Y~’ 
since 
f(gl) = Q32a33C3$‘a2%;’ c,a,c,-‘a-,‘~~,f(~.~‘)~3_‘C3f(~3)~,-’~3i~32 
Fig. 14 
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and dt = I implies d2 = - 1 (see Theorem 4.1). Let psi c a3 be the path from 2, to p3, 
let /332 C cy3 be the path from ps to p4 and let ,&3 c a3 be the path from p4 to x3. The 
fixed points p3 and p4 are Nielsen equivalent by the path 
(72 = &“~2c2~;‘~1~31~32 
since 
f(g2) = P32P33C3-‘Q3 -‘cl-‘cY3c~‘c3cY3 -‘~1~3~3~~‘~~‘~~‘~2~2~~‘~‘~31~32. 
Hence there are at most three fixed point classes {pt}, {pz,ps} and {ps,p4} of indices 
1, 0 and 0 respectively, which implies Na(f) = 1. 
To finish the proof, we will prove that there are no simple merging arcs joining the 
fixed points of fi. Suppose X is a simple merging arc for fr One of the points pr , ~2, 
p3 or p4 must be an endpoint of X. First observe that X cannot traverse As, Ag, A3, A4, 
A1 and A2 in that order (see Fig. 14), since the subarc of X from A4 to Al intersects the 
subarc from A6 to A3, which contradicts that X is an arc. 
Suppose one endpoint of X is pt. Starting at pr , the arc X crosses Al, AZ, A3 or A4 
first or fi (X) crosses Al first. If ft (X) crosses A1 first, then by condition (a4) of simple 
merging arcs, X crosses A1 first. Hence X and ft (X) cross Al, A2, A3 or A4 first. By 
condition (iii) of taut arcs, Ai U X does not contain any inessential simple closed curves 
and hence X must begin with one of the pairs (Al, AZ), (AZ, Al), (As, Ad) or (Ad, As). 
Now Al and A2 intersect Ci and A3 and A4 intersect Cz. The circles Cl and C2 map 
to C3 with degflc, = dl = 1 and deg ficz = d2 = -1. The circle C’s intersects A5 and 
Ag, so fl (X) and hence X start with 
(i> At , AZ, A5, & 
69 &,AI,&,&, 
(iii) A3, Ad, Ah, AS, or 
(iv> A4, As, AS, A6 
since X and f(x) meet the same components of A in the same order by condition (a4) of 
simple merging arcs. In each case, the subarc of X from pi (or any pj where j = 2,3,4,5) 
to AS or Ag crosses all ten wtw2 curves, in particular the curves corresponding to AS, AC, 
A3, Ad, Al and Al. By the observation given above, no such simple merging arc exists. 
Suppose one endpoint of X is ~2. Starting at p2, the arc fl (X) either crosses AZ, Al 
first, which is impossible by case (ii), or it crosses A5 first. If fr (X) and hence X crosses 
A=J first, then the subarc of X from p2 to A5 crosses the six wtw2 curves corresponding 
to As, Ag, As, Ad, A, and Al, which is impossible. 
Suppose one endpoint of X is ~3. Starting at ~3. fi(x) either crosses As, A4 first, 
which is impossible by case (iii), or it crosses Ag, A5 first. If fi (X) and hence X crosses 
Ag, A5 first, then ft (X) crosses Ah, Ag, A2 and Al. Hence by condition (a4), the arc X 
crosses Ag, As, A2 and Al. The subarc of X from A5 to A2 crosses all ten wiwz curves, 
which is impossible. 
Suppose one endpoint of X is ~4. Starting at ~4, f,(x) either crosses Ag, A5 first, 
which is impossible by the second subcase for the fixed point ~3, or it crosses A2, Al 
first, which is impossible by case (ii). 
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Hence none of the points pt, ~2, p3 and p4 can be endpoints of a simple merging 
arc, which implies there are no simple merging arcs. Thus the map ft = ft ,,,in has the 
minimal number of fixed points and MFa[f] = 5. 0 
6. Totally non-boundary-Wecken surfaces 
The obvious question remaining from the preceding section is whether or not there 
is a bound on the difference between MFa[f] and Na(f) when n 3 3 and C has more 
than one essential component. The following theorem proves that there is no relationship 
between the minimum number and the Nielsen number when there is more than one 
essential component. 
Theorem 6.1. Suppose f[+ : (A,, aA,) + (A,, aA,) where n 2 3, is a map such 
that 
Co, Cx + Cl such that d3 = 1, 
Ct , Cz + Cs such that dl = 1, 
Cj + C3 such that d.j = 0 for j 3 4, 
Q2 --t x3, 
CI~ 3 x3 for j > 4 and 
(Yg + a;’ (Cl (IYjC3a,‘a2C2aF’Cj ck’3CT’$‘)m where ?TI > 1. 
Then ~a(f[~I) = 1 and MFa[f[“)] = 4m + 1. 
Proof. Perform the Lollipop construction and denote the resulting map by f/“‘. The 
inverse image of A under f/-’ consists of four proper arcs, two going from Ct 
to Cz and two going from Ca to C’s, together with a number of essential sim- 
ple closed curves. The definition of f[“] on oj implies that there are 10m simple 
closed curves which are freely homotopic to WIWZ, corresponding in order along oyg 
~~A~,A~,A~,A~,A~,A~,AI,A~,A~,A~,AI,Az,...,A~,As. 
Let pt , ~2, . , pdm+l be the 4m + 1 fixed points of fl[“’ in order along cys. As in 
Theorem 5.2, the first and fourth fixed points of each of the m subarcs bj of as which 
map to 
are Nielsen equivalent. Likewise, the second and third fixed points of each bj of 
CE~ are Nielsen equivalent. Hence, there are at most 2m + 1 fixed point classes 
{PI), {P2,Pdr {P3,P4), {p6,P9), {P7,PS), , {P4m-2jP4m+l)t {P4m-l,P4m) of indices 
l,O,O ,..., 0 respectively, which implies Na (f) = 1. 
To finish the proof, we will prove that there are no simple merging arcs joining the 
fixed points of f:“‘. Suppose X is a simple merging arc for fI[“‘. From the proof of 
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Theorem 5.2, the only fixed points which might be endpoints of a simple merging arc are 
the fourth fixed points of the subarcs b,. Suppose the fourth fixed point p of b, for j # m 
is an endpoint of a simple merging arc X. Starting at p, the arc f/“](X) either crosses 
Al, AZ first, which is impossible by case (i) of the proof of Theorem 5.2, or it crosses 
Ag, Ag first. Now AS and A6 intersect C’s and C’s maps to Ct with deg flc, = ds = 1. 
Hence, ft (X) and X cross As, AC, Al and A2 first. The arcs Al and A2 intersect Ct and 
Ct maps to C’s with deg f\c, = dt = 1, which implies ft (X) and hence X starts with As, 
Ag, Al, AZ, A5 and Ah. The subarc of X from A2 to A5 crosses all 1Om wlw2 curves, 
which is impossible. 
Hence, none of the fixed points pt , ~2, . . , pdrn are endpoints of a simple merging arc, 
which implies there are no simple merging arcs. Thus the map f/-’ = $$, has the 
minimal number of fixed points and MFa [flml] = 4m + 1. 0 
Theorem 6.1 proves that A, is totally non-boundary-Wecken for n > 3, contrary to 
Conjecture 2 of [3, p. 2641. Hence the pants surface A, is unique among the A, surfaces 
in being almost boundary-Wecken. 
7. Conclusion 
Denote the Mobius band with n discs removed by fin. Combining the results 
from [3,8,10] with the material of this paper, we can summarize what is known about 
boundary-Wecken properties of surfaces with boundary as follows: 
boundary-Wecken [3] A,, A,, no 
almost boundary-Wecken [3] A2 
totally non-boundary-Wecken 5’ a surface with boundary not 
[3,8,10, Theorem 6.11 listed above and S # 17, 
Thus, the determination of the boundary-Wecken properties of all surfaces with boundary 
lacks only the surfaces Lrr, for n > 1. In particular, we note that 17, is the same homotopy 
type as A2 and it has only two boundary components, so if there is an almost boundary- 
Wecken surface that is not boundary-Wecken other than AZ, it seems that 171 would be 
a likely candidate. 
Although we have shown that the A, for n 3 3 are totally non-boundary-Wecken, 
Theorems 3.1 and 3.2 identify classes of maps on these A, which are boundary-Wecken. 
The hypotheses of these theorems make sense for boundary-preserving maps of any 
surface, so we could ask whether such maps of other surfaces are still boundary-Wecken. 
Theorem 4.2 identifies a class of maps with the property that they may be homotoped 
relative to the boundary to reduce the number of interior fixed points to at most one. Can 
the hypothesis of that result, that the map has one essential component, be extended to 
maps of other surfaces and, if so, do they have the same property with regard to interior 
fixed points? 
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